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Abstract
We examine the Cauchy problem for a nonlinear dissipative evolution system
with conservation form

Yy = —(0 — o)y — o6, +ay,,, (t,x) € [0, +00) X R,
{Gt =—(1—=pB)0 + vy, + (YO)x + BOsx,
with initial condition

(¥(0,x),6(0, ) = (Yo(x), o(x)) € H' (R, R?),
where «, 8, o and v are positive constants such that « < o and 8 < 1. We
establish the global existence and decay rate of the solution subject to the
parameter restriction v < 4—%’%70‘). The optimal decay rate is obtained
if (Yo, 09) € L' (R, R?) furthermore. The global existence of the solution to
the same problem has been studied in Jian and Chen (1998 Acta Math. Sin. 14
17-34) without giving the decay rate and optimal decay order of the solution,
in which (¥, 60) € H'(R, R») N L' (R, R?).

PACS number: 02.30.—f

1. Introduction

In this paper, we consider the asymptotic behaviour of the Cauchy problem for a nonlinear
dissipative evolution system with conservation form in one-dimensional spatial space

Yy =—(0 —a)Y —oby + ayy, (t,x) € [0,+00) X R,

(1.1)
Or = —(1 = )0+ vih + (YO)x + Bbux,
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subject to the initial data

(¥ (0,x),0(0, x)) = (Yo(x), Op(x)). 1.2)

System (1.1) was introduced by Hsieh [6] to observe the nonlinear interaction between
ellipticity and dissipation. Indeed, by neglecting the damping and diffusion term, system
(1.1) is reduced to

‘(/fl‘ = _09X7
9[ = Vl/fx.

It is clear that system (1.3) is elliptic and the equilibrium (¢, #) = 0 is unstable. Taking
the nonlinear term (1/0), into consideration, the system is still unstable if || < 1, and it
will switch to be hyperbolic and the equilibrium will be stable whenever [y/| > 1. Thus, a
‘switching back and forth” phenomenon is expected due to the interplaying among ellipticity,
hyperbolicity and dissipation. System (1.1) exhibits many applications to the realistic model.
With the change of variables

Y= —2X (1) sinx,
0 = /2Y (t) cos x + 2Z(t) cos 2x,

the Lorenz equation can be derived from (1.1) by only retaining the coefficients of sin x, cos x
and cos 2x. Then the rich contents of the Lorenz equations are presumably also contained in
system (1.1). By makingo = o = 1,v = 0, 8 = 1 and replacing i by —, system (1.1),
then, is reduced to a chemotaxis model discussed in [10].

Tang and Zhao [16] studied the asymptotical solution for a slightly modified system by
replacing the nonlinear term (¥ 6), in (1.1) with 2¢6. Jian and Chen [9] first established the
global existence of solutions to system (1.1) when (¥, 6y) € H'(R, R>) N L' (R, R?). Hsiao
and Jian [7] obtained the global existence of classical solutions for the initial boundary value
problem of system (1.1) with initial condition (¥, 6p) € C>3(10, 17) * C%%([0, 1D(0 < 8 < 1)
and periodic boundary condition

(Yo, 00)(0) = (Yo, Oo) (1), ((¥0)x» (00)x)(0) = (Yo)x, (B0))(D), 0<r<T.

However, in [9], the restriction on the parameters «, 8, o and v to ensure the global existence
of the solution was not derived. They used only an abstract form instead of justifying the
relationship between these parameters. It turns out from the linear analysis in section 3
that the global solution exists subject to the appropriate value of parameters chosen. One
of the purposes of this paper is to give the relationship explicitly between the parameters
which guarantees the global existence of the solution to system (1.1) with initial condition
(Y0, 00) € H'(R, R?). In addition, we deduce the decay rate of the solution and give the
optimal decay order of the solution provided that (¥, 6y) € L' (R, R?) furthermore.
We close the introduction by stating some notation.

(1.3)

Notation. Throughout the paper, if there is no ambiguity, we use C to denote generic positive
constants which can change from line to line. When the dependence of the constant on
some index or a function is important, we highlight it in the notation. L?(R)(1 < p < 00)
denotes usual Lebesgue space with the norm || f|z»(r) = (fR | f ()P dx)tl’, 1< p< oo,
as well as || fllz~&) = sup,cg |f(x)|. The space L”(R, R?), for 1 < p < oo, denotes
the usual Lebesgue space of R>-valued functions equipped with norm ||(u, v)|| sk g2 =
lullLory + V]l Lr (k). Moreover, we denote by H'(R) the usual /th-order Sobolev space with

. 1
its norm || f| gi(ry = (Zﬁ:o 192 f1I*)>. Z* denotes the class of all positive integers and N
denotes the set of all positive integers plus zero.
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2. Global existence and decay estimates

In this section, we are going to prove the global existence and decay rate of solutions to system
(1.1) using energy method with the initial condition (g, 6y) € L*(R), which is based on a
local existence and a priori estimates. First of all, we give the local existence as follows.

Theorem 2.1. If (Yo, 60) € H'(R, R?), then there exists a positive constant T depending
only on the H'-norm of initial data, such that the Cauchy problem (1.1), (1.2) admits a unique
smooth solution (Y (t, x),0(t, x) € H'([0, T] x R, R?) satisfying

I (2, x), 0, )l o, rixr, R < 20 (Yo (x), Oo(X) |11 (R, R2)- 2.1

Proof. By the standard approach, we first rewrite system (1.1) in terms of an integral form
as follows:

Y(t,x) = G(t, x) * Yo(x) — (0 —a) fot Gt —s,x)xY(s,x)ds
+0 f5 GL(x,t —5) % 0(s, x)ds,
0(t, x) = GP(t, x) % 6p(x) — (1 — B) fot GP(t —s,x)%60(s, x)ds
—v [y GE(x, =) % (s, x)ds — [y GE(t — 5, %) % (Y) (s, x) ds,

2.2)

X

where G*(t,x) = M exp (—é) and GP(r,x) = W exp (— %) are fundamental
solutions of heat equation and asterisk denotes the convolution which is taken with respect to
the space variable x and subscript means the partial derivative.

Then the local existence can be obtained by using the contraction mapping principle to the
integral representation (2.2), following the standard theory of parabolic equation. Although
the operation will be somewhat complicated, the approach is routine and feasible. So we omit
the details here. The details of the fundamental proof can be seen in [13]. ([l

4/af(1-p)(0—a)
o b

To derive the a priori estimates, it is worthwhile to point out first that if v <
then we can find € € (0, 2), Cy > 0 such that
2
€(c —a) 2.3)
20 -p) —

For the convenience of presentation, we give the following definition.

Definition 2.2.  Suppose that v < ePU=Hlo=w) ’3 N9 A tupel of real parameters («, B, v, o,
€, Cy) is called admissible if (2.3) holds for any a<o,p<1,Ch>0and0<e <?2.

Remark 2.3. It should be noted that the set of admissible parameters is not empty. Indeed,
we can give an algorithm to find admissible parameters stepwise as follows.

Step 1. Define k with 0 < k < 1 by vo = 4k/aB(1 — B)(0c — ).

Step 2. Choose € with 2k < € < 2.

Step 3. Choose A with A > 0.
Step 4. Define Cy by Cy =

1 o? 2a(1—p)e
m(ZB(ofa)e + A=),

Before embarking on the a priori estimates, we would like to give the following inequality
which will be applied later.
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Lemma 2.4 (Ehrling—Browder’s inequality [1]). Letv € L4(RY, R") and D™v € L"(RV, R")
with 1 < gq,r < o0o. Then for any integer j with 0 < j < m, there exists a constant
C = C(m, p, N), such that

: .
”DIUHL”(RN,R”) g C”Dmv”(zr(RN’Rn)“v”Lq?RNJgny (24)
where p is determined by

1 j 1 m l -« Jj
—==—+al|l-—— )+ , —<a<l
p N r N q m

Lemma 2.5. Assume that v € W"2(R), i.e., v € L>(R) and v, € L*(R); then v € L*(R)
and satisfies

4 3
||v||L4(R) < ||vx||L2(R)||v||L2(R)~ (25)

Proof. First noticing the fact that W'2(R) = WOI’Z(R) (see [1]), which tells us that
v(—00) = v(+00) = 0, then it follows that

vz(x>=/ (v2>xdx<2/ v, | dx,
—00 —00

and
+0o0 +00
vz(x) = —/ (v2)x dx < 2/ [vv,| dx.

The combination of these two inequalities gives us that

+00
v (x) gf |vvx|dx=/ lvvy | dx.
- R

oo

Then Cauchy—Schwarz inequality yields that

/v4dx</v2(/ |vvx|dx> dngvzdx/ lvv, | dx
R R R R R
} }
g/vzdx </ vzdx) (/ vfdx)
R R R
3 3
:(/ vidx) </ vzdx) ,
R R

which completes the proof. ]

Remark 2.6. Indeed, inequality (2.5) can be regarded as a corollary of Ehrling—Browder’s
inequalitybytaking j =0, N =1, p=4,m=1,a = }1, r =2and g = 2in(2.4). However,
itis crucial in our analysis to figure out the constant C in inequality (2.4). Therefore, we exhibit

the proof here to identify this constant with 1 in lemma 2.4.
Now we are in a position to give the a priori estimates as follows.

Lemma 2.7. Let «, B, v, 0, € and Cy belong to the set of admissible parameters such that
Vo< 4—”“;‘8)(‘7_“). Assume that (W (t, x)0(t, x)) is a solution to (1.1), (1.2) obtained in
theorem 2.1 with initial data (o, 6y) € H' (R, R?), satisfying
4lae”e”
<

2
[ / (Vg () +C092(x))dx] — (2.6)
R 0
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forany e € (0,2 —¢)and e’ € (0, 28Cy — 6(:—70‘)) then there exists a constant C dependent
on initial data and the parameters o, B, ocandv such that

(W @, %), 0, X)) 131 g g2y < Ce™", 2.7
where

2
l:min{(E—e)(a—a),2( ﬁ——)}. (2.8)

2ea

Proof. Multiplying the first equation of (1.1) by 2¢ and the second equation of (1.1) by 2Cy0
and integrating the resulting identity with respect to x over R, we get by the use of integration
by parts with Cauchy—Schwarz inequality

d
—/(w2+C092)dx+2(a—a)/wzdx+2(1—ﬂ)Cof92dx
dr Jg R R
+2a/w§dx+2ﬁco/9§dx
R R
=—2cr/ I//Qxdx+2UC0/Ql/fxdx+2C0/9(1/f9)x dx
R R R

:—20/wexdx+2vC0/91//xdx+C0/wx92dx

2 2
e(a—a)/w dx + /szx+ea/1p dx + =0 % /szx
e(o—a) €x JR

+ae// ¢f+—0//94dx, 2.9)
R ae JR

where €’ is a constant valued between 0 and 2 — €.
We rearrange the terms in (2.9) to obtain from inequality (2.5) that

d/ 2 2 / 2 ( VZCO) / 2
— [ @W*+CpHdx+ 2 —€)o —a) | vrdx+2(1— Co | 6%dx
dr R R €x R

02
+(2—e—e’)a/1/f§dx+<2ﬁco )/dex
R €(oc —a)

G 4 C(% 3
< —; 9 dx E”‘gx 2 101172 gy

o€’
2 Co 2 }
<e /Réxdx+m(/le0(t,x) dX) . (2.10)
Here we have applied the Young inequality in the last inequality and €” is a constant such that
2
(0 2ﬂC0 e(o— Dz))

Defining L = 28Cy — G(U —
the definition of /, we end up with

%/(wz(t,x)+C002(t,x))dx+l/(1ﬁ2(t,x)+C002(t,x))dx
R R

— €” > 0 and shuffling the terms in (2.10), together with

cd 3
/ (Wit x) + Cobi(t, x)) dx Lﬁ </R9(t,x)2dx> . (2.11)

To derive (2.7), we define W(t) = fR e (Y2 (t, x) + Cob>(t, x)) dx, and take the derivative
with respect to z. Then we obtain the following inequality from (2.11):

d CO 67211

3
EW(I) = 4o2e”e” W= ().
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That is,

dw (1) Co

W3@t) ~ dolee”
Integration of (2.12) with respect to ¢ over [0, ¢] yields

1 - 1 Co

W2(t) = W2(0) 4la2e?e”
Noting that W(0) = f R (wg(x) + Qg(x)) dx and the assumption on initial data (2.6), we
know from (2.13) that W(z) is bounded. That is, there exists a constant C depending on
a, Co, 1, €, € and initial data, such that W (r) = e/ [, (¥*(t, x) + Co6*(t, x)) dx < C, which
implies that

e 2 dr. (2.12)

2.13)

/(W(n x)+Cof*(t,x))dx < Ce™". (2.14)
R

We therefore have ( [, 6(t, x)* d)c)3 < Ce 3. Substituting this into (2.10) and integrating
the resulting inequality with respect to ¢, we obtain the following estimates:

/0 / (W2t x) + Y2, x) +07(t, x) + 02(1, x)) dx dr < C(1+ [[(Yo(x), Qo) I 22k, &2))-
R
(2.15)

To derive the desired estimate (2.7), we need to deduce the decay rate on the first-order
derivative of solutions. Towards this end, we multiply the first equation of (1.1) by (—2v,,)
and the second equation by (—260,,), and add the resulting equations together. After all these,
we take integration with respect to x over R and obtain

(1//3+93)dx+2(a—a)/wgdx+2(1—ﬁ)/9§dx+2a/wfxdx+2ﬂf93xdx
R R R R R
=2c7/ Vyrby dx —21)/ Vibrx dx—Z/ 02 (), dx
R

<o [ [otaned [oransZE [0
1# dx+ dx + = Ldx + — [ Yodx
B Jr

+5/92 dx+—f(wxe+¢0) dx

2 2 2 2v? 2
o w”dx+— O dx+pB | 0., dx+— [ Y dx
R a Jg R B Jr

i 2 2 i 2 2 6
+ﬂ||1p(tvx)”1‘oc([0,oo)><1e) exdx"' ﬂue(tax)”mo([opo)x]e) % dx. (2.16)
R R

We shuffle the terms in (2.16) and integrate the resulting inequality with respect to ¢ over [0, 7]
to get

/(wf+8f)dx+2(a—a)//wfdxdt+2(l—/3)//Ofdxdt
R 0 R 0 R
+oe/ /wfxdxdt+ﬂ/ /Gfxdxdt
0 R 0 R

02 t 2])2 t
< ||wx<o,x>,ex(o,x>||Lz<R,Rz)+—/ f@idxdw—/ /w,%dxdr

E(”l//([ x)||Loc([ooo)><R)+||9([ x)”Loc([()oo)xR) // 1# +9 dxdr.
(2.17)
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The combination of (2.17) with (2.15) results in that

/(wf+03)dx+2(a—a)//wfdxdt+2(l—/3)//9§dxdt
R 0 JR 0 JR
+a//wfxdxdt+,3//03xdxdt
0 JR 0 JR
<

C 1+ 1Y D 00015 r) + 10 170,001 R - (2.18)

To obtain the desired estimates, we need to prove that the terms on the right-hand side of (2.18)
are bounded. Towards this end, we make the term on the left-hand side smaller and arrive at

/R (W2t x) +07(t, x)) dx < C[1+ 1Y (2, )1 g0.000x 1) + 10 X [ 10,00 0 1) )

where the constant C depends on the parameters «, 8, o and v. Applying the Holder inequality,
and taking (2.14) into consideration, one deduces that from the above inequality

YA, x) + 07 (t, x) = f (W21, &) +0°(1, &)e dE
L201W (t, X) 2wy 1 (8, ) 22Ry + 2110 (2, X) | 208y 162 (2, X) | 220

1
2 2 2
C[l + Iy (@, x)||L°°([0,oo)><R) +[16(z, x)“Loo([o,oo)xR)]z .
This implies that
2 2
Iy (2, x)”LOO([o,oo)xR) +16(z, x)”Loo([o,oo)XR)
2 2

CLL+ 1Y (@ D7 0,00y xRy + 10 ) 110,000 xR0 ]+

Solving this inequality gives

19 )1 000y r) + 10 X1 0.00) xRy < C- (2.19)
Applying (2.19) in (2.18) yields that

/(w§+9f)dx+2(a—a)/ /wfdxdt+2(l—/3)/ /ejdxdt
R 0 JR 0 JR
+a/ /wfxdxdt+ﬂ/ /efxdxdtgc. (2.20)
0 JR 0 JR

With definition / of (2.8), it is straightforward to deduce that

f(w +6?) dx+l// ¥2 +62) dxdz+a//1/f”dxdz+ﬂ/f92 dxdr <

[N

(2.21)
Utilizing Gronwall’s inequality in (2.21) we get
f (I, x)+6%(t, x))dx < Ce™". (2.22)
R
Thus the combination of (2.14) and (2.22) gives (2.7) which completes the proof. U

Based on the local existence theorem and the a priori estimates, we obtain the following
global existence theorem with decay estimates.

Theorem 2.8. Let the assumptions hold in theorem 2.7. Then there exists a unique global-
in-time solution (y,8) € H'([0, 00) x R, R?) to system (1.1) such that the solution decays
exponentially in H'-norm in the form

I (2, %), 01, )31 g g2y < Ce" (2.23)
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An easy but useful observation is that the decay order of the solution in (2.23) will hold
for any order derivative of the solution if the corresponding higher order derivative of initial
data is in H'(R, R?). To justify this, we only need to show that the exponential decay order
holds for second-order derivative of the solution and higher order can be derived likewise.
Indeed, we differentiate system (1.1) twice with respect to x, multiply them with 2+, and
26,, respectively, and add the resulting equation together. After these procedures, we take
integration with respect to x over R and reach

d 2 2 2
ol M )dx+2(0—ot)/ v2 dx+2(1—ﬂ)fR9xxdx
+2a/ %mdxﬂﬂ/ eex d
S f Ybyrs dx + 20 / Yensr dx +2 /R Bue (96) s dx
— 2% / YOy dx + 20 / Yronsbr dx — 2 [ e (Y0). dx

,3/ xxxdx+ /wxxdx+(¥/1//x)mdx+—/92 dx
B Jr
/ dx+3/[(1/f9)”]2dx. (2.24)
B Jr

Note that it is easy to derive by the Cauchy—Schwarz inequality that
/ [(¥0). P dx < C / [(Wxx8)” + 2yx6:)” + (¥650)° ] dx
R R
< ClIY (. ) 1 g0.00 ) / Oz dx + IO )17 10,00 ) / v, dx
R R

+C 105 (8, )| (0.00)x ) fR Y2 dx. (2.25)

The substitution of (2.25) into (2.24) and integration with respect to ¢ over [0, ¢] give

t t
// Vi +0%) dxdt+2(a—a)//wfxdxdt+2(1—ﬂ)//92 dx dt
+a//1ﬁx”dxdt+ﬂf/ x”dxdt<C1+—//1//fxdxdt
+—//Qfxdxdt+C||9X(t,x)||ix([000)xR)//wxdxdt
o Jo Jr ' o Jr

t
+CLIIV (., )1 (0,000 x &) + 10 DT (10.000xR) | /0 fR (Vi +67,)dxdr,
(2.26)

where the constant C; is dependent of initial data of the second-order derivative.
Taking (2.15) and (2.20) into consideration, and remembering the definition of /, we end
up with the following inequality:

/(w“(t X)+07,.(t, 1)) dx+l/ / (Vi (t, x) +02.(t, x)) dx dt
R

+(a+ﬂ)/ / (Ve (0. 2) + 67, (1, 2)) dx dr
0 R
C[l + v (2, x)”Loo([o,oo),R) + [10(z, x)”ioo([o,oo)xg)]- (2.27)

Here the constant C depends on the parameters «, 8, o, v and initial data.
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Performing the same argument as in the proof of lemma 2.7, it is easy to derive that

1Y« (2, x)||2Loc([0$oc)><R) +[10x (2, x)”%wqo’oo)xk) < C. (2.28)

Applying (2.28) in (2.27) gives
/ (Ve (t, %) +62,(t, x)) dx +1 / f (W2.(1, %) + 62 (1, x)) dx ds
R o Jr

+(a+,3)/ / (Vi (t,x) + 07 (t,x))dx dt < C. (2.29)
0 JR

Again, the application of Gronwall’s inequality in (2.29) leads to the decay rate for the
second-order estimate

f (Wit x)+07.(t,x))dx < Ce™".
R
Taking the same procedure to higher order term, we obtain the following lemma.

Lemma 2.9. Let (i, 0) be the solution to system (1.1). Then for k =0, 1,2, ..., it follows
that
2

<Cce™, (2.30)

ak
” ﬂ(w(h x),0(t, x))
X L2(R,R?)

3. Linear analysis

In this and next section, we are devoted to examining the optimal decay estimates of the
solution to the special case of system (1.1) where « =  and 0 = 1, which reads

Y= —( =¥ — b +av, .
0y =—(1—a)f +viyy + (Y0), + by, G-

with initial data

(¥ (0,x),0(0, x)) = (Yo (x), Op(x)), (3.2)

where « and v are positive constants such thate < 1, v < 4o (1 — ).

In order to examine the optimal decay estimates of the solution to system (3.1), we need
to first investigate the decay order of the solution to its corresponding linearized system which
takes the form

{% =—( =)y —0c +ay.,

0, = —(1 —a)f + v, +aby,. (3.3)

Performing the Fourier transform to (3.3), we convert (3.3) into the following ordinary
differential equations (ODEs):

~ ~

vy 1 —o+at? i& "
<9>f - _< —ivg 1—a+a§2> <9> 34
with initial data

(0, x),0(0, x)) = (Yo (x), Bp(x)), (3.5)

where ¥ and 6 denote the Fourier transform with the frequency &. It is easy to calculate the
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eigenvalue A of coefficient matrix taking values A = —(1 — a + a£?) & \/v&. Consequently,
the solution of (3.4) and (3.5) is given by

ef(lfot+ot52)t

¥ = ———[e¥"¥" o +ivviro) — e V¥ (o — ivvi0)],
2i /v

. ef(lfaﬂxfz)t R R . R
6= —— eV @0 — i) + & G + Vo)l

Thus, the inverse of Fourier transform gives the solution of (3.4) and (3.5) explicitly as follows:

1 . .
Y(t,x) = ——=[K_(t,x) % (60 +iv/v¥o) — Ko (1, x) % (60 — iv/vio)],
2i /v 3.6)

1
01, x) = §[K+(t, x) * (B — iv/vo) + K- (2, x) * (60 + iv/viho)],

where the kernel function K (¢, x) is given by

Ko(t, x) = f—l[e—(l—a+a§2:l:ﬁ5)t] _ e—(l—a)tf—l[e—aéth:ﬁét]

1 ( (1 v ) t) /v x2 37
= exp(—(1—a— — ex —x)exp|—— ). .
Ja4mat P 4a P{T 2 P 4ot
Here F~! means the inverse Fourier transform.
From the explicit expression of the solution (3.6) and kernel function K 1 (¢, x) in (3.7), we

observe that system (3.1) is stable if and only if v < 4¢(1 —«). Moreover, when p € [1, +00]
and t — +00, it follows that

2

\/ﬁexp (— (1 —o— %) t) exp (—j;)

K+, X)lLery = ‘

LP(R)
2
— O~} e (e [lexp (_x_>
dat ) | 1oy
= O(l)ti%*—%ﬂ ef(lfafﬁ)t.
Hence, it is straightforward to derive that
HaK(t) H 1 ((1 v)t>
—K4(t,x — o ~ v
ox LP(R) Varar P y
. . : 2
x :Fi;exp . + —exp X
2a 4ot 0x 4ot k)

1 v
3y e—(lma—)t | oy gy o—(—a—gh)

Actually, using mathematical induction, we may easily prove that the above optimal decay
rate holds for (3¥/8x*)K . (¢, x) forany k € Nand p € [1, oo]. That is,

< Cr 3 e-ma, (3.8)

|5
—K.i(t,x)
axk Lr(R)

From the solution expression (3.6), we find that the decay rate of the solution of (3.1), (3.2) is
indicated by the decay rates of K. (¢, x). Namely, (3.8) holds for the solution (Y (¢, x), 6(¢, x))
of (3.1) as well. We summarize in the following theorem.



Optimal decay rates of solutions 10965

Theorem 3.1. Suppose that (o, 0y) € L'(R, R?) N LP(R, R?); then there exists a unique
smooth solution (Y (t,x),0(t,x)) to system (3.1), (3.2), which decays if and only if
v < 4a(l — a). Moreover, for any k € N and p € [1,00], the following decay rate is
optimal:

1, 1 v
<CA+p)2Fwe o),

ak
” _k(u(ts x)v U([, -x))
dx LP(R,R?)

4. Optimal decay estimates

In this section, we are devoted to proving that the solution of nonlinear system (3.1) has the
same decay rate as that of the corresponding linearized system (3.2). That is, the solutions of
system (3.1) decay with the optimal decay order. The main result is given in the following
theorem.

Theorem 4.1. Assume that v < 4a(1 — ) and (Yo, 6p) € H'(R, R>) N L' (R, R?). Then
for any k € N and p with 1 < p < 00, the solutions of (3.1), (3.2) decay with the following
optimal decay order:

1 1 v
<C(+1) 2w e Imema)r, 4.1
L?(R,R?)

8k

where the constant C depends on «, v, k and initial data.
To prove theorem 4.1, we need the following lemmas which will be essentially applied in
this section.

Lemma 4.2. For any k € N, there exists a constant C, such that the solution of (3.1), (3.2)
satisfies

< Ce™2, 4.2)

ak
H W(lﬂ(l, x),0(, x))
X L(R,R?)

1 1
Proof. By the Sobolev inequality ||u||z~r) < ||u||zz(R)||ux||iz(R), inequality (4.1) follows
directly from inequality (2.30). ]

Lemma 4.3. Let y and n be positive numbers, t > 0. Then it holds that

t
/ (I+t—s)7e™ds < C(1+1)7.
0

Proof. Dividing the integral fot (1+t—s5)"7e™ds by (1+1)77, we derive that

t =Y alis _ —y
[+t —5)7 e ds 2/"<1+t s> s
0

(1+t)~r 1+1¢

t s 14
[ () e
0 1+t —s

t
g/(1+s)ye’”5ds,
0

which ends the proof with the fact that the integral fot (1 + 5)”e ™ ds is bounded by
f0°°(1 +5)Y e ™ ds. U
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Lemma 4.4 (convolution inequality). By * denote the convolution. If u € LP(R) and
veLi(R), thenuxve L’(R),where%=%+$— 1,1 < p,qg < o00,and

vl r) < llulleeryllVllLer)-
In particular, it follows that

It * vl zory < Nullzery VL Ry

and

lle % vl Ry < lullprryllviiLiry-

The following Gronwall’s inequality is devised for the optimal decay rates. The proof
may be conducted by standard approach and details are omitted.

Lemma 4.5. Assume that the non-negative function g(t) satisfies
1
gy <M1+ "e "+ M2/ efésg(s) ds,
0
with non-negative constants My, M, ., r and &. Then it follows that

o0
gty < Mi(1+1)"e " exp [MZ/ e 0 ds]
0
<C(+1) e,
With the above lemmas in hand, we are in a position to prove theorem 4.1.

Proof of theorem 4.1. We plan to use the interpolation to get the L”-estimate of the solution
under the L!-estimate and L>-estimate. We break the proof into three steps. In step 1, we give
the L!-estimate. In step 2, the L™-estimate is derived. In step 3, we deduce the L?-estimate.
Next, we perform these three steps respectively.

Step 1 (L'-estimate). First, taking the Fourier transform to (3.1) with the initial data
(Yo(x), Bo(x)) to get an ordinary differential equation system, then solving this ODE directly
using standard approach, we arrive at the following solution representation:

R e—(l—a+oz$2)t . . . . ) .
G (1, x) = ————=[eV"" Qo + ivVig) — e V¥ Gy — iv/vifo)]
2i/v
1 ! 2 —
n —(—araf?)(1=5) (VU =5) _ o=E=9)(y0) ]
2iﬁfo[e e e )y 0)1ds
and
. e—(l—a+a§2)t R . R R
0, x) = T[em(eo +iyvifio) — e VY () — iv/vio)]
N % / e 0-araEi—5) (o TE=5) | o~y (a7 ds.
0

Taking the inverse Fourier transform to these two identities, we get the solution implicitly
reading

1
vt x) = =K (6, x) * (6o + iVvio) — K. (1, x) * (6o — iv/vipo)]
ivv

+

1
2i/v

/ [K_(t —s,x) — K. (t —s,x)]*(Y(s,x)0(s, x)), ds 4.3)
0
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and

1
Y, x) = SIK_ (2, x) * (6o +iv/vo) + Ku(t, x) % (6 — iv/vipo)]

+ % / [K_(t —s,x)+ K. (t —s,x)] % (¥(s, x)0(s, x)), ds. “4.4)
0

Applying (4.2), making use of convolution inequality and Jensen’s inequality, we derive that

am
H o (1, ).6(0,2)
X

L'(R,R?)

(Yo (x), Bo (N1 (v, R2)

81’"
<C H—m(K+(t,X), K_(t,x))
dx L'(R,R?)

t
0

i(K+(t —s5,x), K_(t —s,Xx))
0x

L'(R,R?)

am
x H—m(l/f(s,xw(s,x)) ds
dx LI(R,R?)
t m J
< Ce*(lfafﬁ)r+C/ e~(1ma=i)0=9) g=2a/s 3 370G, x) ds.  (4.5)
0 =0 0x/ LY(R)

Defining Y () = Zﬁ:o [ %(1//0, x), 0(t, x)) ||L1(R,R2) and summing (4.5) overm =0, ...,k
give us that

t
Y(r) < Ce o) +cf e (1mama) =9 =20/ y (5) ds.
0

The application of Gronwall inequality in the above inequality yields that
Y(t) < Ce 0o,

This implies that for any k € N, it follows that
ok y
W, x),0(,x)) < Cremomad), (4.6)
Bx]‘ L'(R,R?)

Step 2 (L>™-estimate). Notice that given any U (¢, x) € L'(R) N L™ (R) for fixed ¢, we derive
from (3.8) by applying the convolution inequality

‘ K (t —s,x) Kt —s,x)

axk axk
On the other hand, from (3.8), it holds that
L'(R)

‘ Kt —s,x) Kt —s,x)
< Ce =@ U (s, X) |l 1 (k-

dxk dxk
Then the combination of the above two inequalities yields that
K (t —s,x)
dxk

* U(s, x) <

L>(R)

||U(S,X)||L1(R)
L>®(R)

Ll l—a=2) (=
<C(t—s) 2e” 1 DENU s, X) 1wy

* U (s, x) <

L®(R)

U (s, x)||L°O(R)

* U(s, x)

L>(R)
<ca )3 a—(lma—=E)(—s) U U
<CA+t—s5)7e UG, gy + U s, X))z ry]-
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With the solution expressions (4.3) and (4.4), the L*>°-estimates for any order of the derivatives
can be estimated as follows:

m

W (. x),0(, x))

m
dx L®(R,R?)

< C(1+1)72 e T8 (| (Yo (x), Bp(0)) | L + | (Wo(x), B0 ()l 1)

+C / (141 —s5) 2e 1memi)=9 (H ﬁ(x//(s, x)0(s, x))
0 ax™m

L>®(R)
8m
+ H —— (Y (s, x)0(s, x)) ds. 4.7)
dx LY(R)
Moreover, we deduce from (4.1) and (4.6) that
am "
H—m(w(s, x)0(s, x)) + | 2, (W (s, x)6(s, x))
dx LiRR 110X L*(R,R?)
ety | oy |07 (s, x)
< Cpfe” 7 ma)s y et — : 4.8
[e e 3] Z e 4.8)
j=1
Applying (4.8) in (4.7) we are led to
" y
H — (Y (1, %), 0(1, %)) <C(+nT2emamr
9x L®(R,R2)
t
+c/ (141 —s5)"7e (Imem@)=)
0
m i
(g _ag 'Y (s, x)
x [er(momia pemat] Y |t ds. (4.9)
= 3x1 L>®(R)
If we sum (4.9) with respect to m from 1 to k and define
k .
~ a7
OEDY H 57 W (6,0,00,0) :
i X L>®(R,R?)
we arrive at
t
Y(t) <C(1+1) 2 e e +c/ (141 —s5)"7e (Imem@)=)
0
X [e’“’“’i)s + e’%S]f/(s) ds
t
<O+ 2e ey c/ [e707o7a)% 472 ] P (s5) ds. (4.10)
0

Therefore, the application of Gronwall’s inequality to (4.10) gives us the following estimate
forany k € N,

ak
HWW(I’ x),0(, x))

L®(R,R?)
t
1 v V Ve a .
< C(l+1)2e ez exp{C/ [emtImemaa) +e—z°]ds}
0

<C+n)7e memw),
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Step 3 (LP-estimate). Finally, with the L'-estimate and L*-estimate in hand, for any
p € [1, oo], we use the interpolation inequality to get the L”-estimate by

H (W1, x),0(t, x))

LP(R,R?)

H (W, x),0(t, x)) (W(t x), 0(t, X))

L°°(R,R2) dxk
[ —(l—a—i)l]%

L'(R,R?)

cla+nze 0" “w”]
< C(L+1) 71 e Umamio),

This completes the proof.

Remark 4.6. For the general system (1.1), we have proved the global existence and
established the decay order for the solution subject to the coefficients constriction. For the
special system where « = B and 0 = 1, we derive the optimal decay order of the solution.
However, the optimal decay rates of the solution to the general system is not obtained yet in
that the calculation is too complicated to derive the optimal decay order. It is still interesting
to develop novel ideas or computational techniques to deal with such a problem.

Acknowledgment

The research was supported by the F S Chia Scholarship. The author thanks Thomas Hillen
for helpful discussions.

References

[1] Adams R A 1975 Sobolev Space (New York: Academic)
[2] Curry J H, Herring J R, Loncaric J and Orszag S A 1984 Order and disorder in two- and three-dimension
Bérnard convection J. Fluid Mech. 1 1-38
[3] Duonandikoetxea J 2001 Fourier Analysis (Providence, RI: American Mathematical Society)
[4] Evans L C 1990 Weak Convergence Methods for Nonlinear Partial Differential Equations (CBMS 74)
(Providence, RI: American Mathematical Society)
[5]1 Evans L C 1997 Partial Differential Equations (Providence, RI: American Mathematical Society)
[6] Hsieh DY 1987 On partial differential equations related to Lorenz system J. Math. Phys. 28 1589-97
[7] Hsiao L and Jian H'Y 1997 Global smooth solutions to the spatically periodic Cauchy problem for dissipative
nonlinear evolution equations J. Math. Anal. Appl. 213 262-74
[8] Hsieh DY, Tang S Q, Wang X P and Wu L X 1996 Dissipative nonlinear evolution equations and chaos Acta
Mech. Sin. 12 1-14
[9] Jian H'Y and Chen D G 1998 On the Cauchy problem for certain system of semilinear parabolic equation
Acta Math. Sin. 14 17-34
[10] Levine H A and Sleeman B D 1997 A system of reaction diffusion equations arsing in the theory of reinforced
random walks SIAM. J. Appl. Math. 57 683-730
[11] Lorenz E N 1963 Deterministic non-periodic flows J. Atmos. Sci. 20 13041
[12] Sparrow C 1982 The Lorenzs Equations: Bifurcations, Chaos, and Strange Attrators (New York: Springer)
[13] Smoller J 1983 Shock Waves and Reaction-Diffusion Equations (New York, Berlin: Springer)
[14] Tang S Q 1995 Dissipative nonlinear evolution equation and chaos PhD Thesis The Hong Kong University of
Science and Technology
[15] Zeidler E 1995 Applied Functional Analysis (New York: Springer)
[16] Tang S Q and Zhao H J 1999 Nonlinear stability for dissipative nonlinear evolution equations with ellipticity
J. Math. Anal. Appl. 233 33658


http://dx.doi.org/10.1063/1.527465
http://dx.doi.org/10.1006/jmaa.1997.5535
http://dx.doi.org/10.1137/S0036139995291106
http://dx.doi.org/10.1006/jmaa.1999.6316

	1. Introduction
	2. Global existence and decay estimates
	3. Linear analysis
	4. Optimal decay estimates
	Acknowledgment
	References

